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We give two examples H, and H, of Hadamard matrices of order 28 with trivial 
automorphism groups and show that H,, Hf, H, and Hc are non-equivalent to 
each other as Hadamard matrices. 0 1986 Academic Press. Inc 
1. INTRODUCTION 
An n-dimensional Hadamard matrix is an n by n matrix H of l’s and 
-1’s with HHT = nZ. In such matrix, n is necessarily 2 or a multiple of 4. 
An automorphism of H is a signed permutation g of the set of rows and 
columns such that Hg = H. The set of automorphisms form a group under 
composition called the automorphism group of H. Two Hadamard 
matrices H, and H, are equivalent if there exists a signed permutation g of 
rows and columns with Hf = H,. An Hadamard matrix is normalized if its 
first row and column consist entirely of 1’s. 
The equivalence classes of Hadamard matrices of order not exceeding 24 
have been determined by Hall and Ito, Leon, and Longyear [l, 2, 41. 
These matrices of order > 8 have the automorphism groups of order 3 8. 
Recently Tonchev classified Hadamard matrices of order 28 with 
automorphisms of order 7 or 13 [7, 81. But it seems to be difficult to com- 
plete a classification of Hadamard matrices of order 28 by automorphism 
groups. In fact we have many Hadamard matrices of order 28 with 
automorphism groups of order 2. In this paper we shall show only two 
examples of these matrices. (A construction of these matrices and other 
results on Hadamard matrices of order 28 will be given in a joint paper 
with Professor H. Ohmori.) 
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2. ON EQUIVALENCE CLASSES 
Let H = (h,) be an Hadamard matrix of order n, where 0 < i, j 6 n - 1, 
which is normalized. Let D(H) = (d,) be an associated Hadamard 2-design, 
where ldi,j<n-1. 
LEMMA 1. Let i, j and k be three distinct numbers (1 < i, j, k <n - 1). 
For m (1 d m 6 n - 1) we define a, as follows: 
a, = 
1 
1, if h,h,,hk, = 1 
0, otherwise 
Then 1 + a, + ... + a,- , is divisible by 4. 
ProojI We may assume that i = 1, j= 2 and k = 3. Since D(H) is a sym- 
metric 2-design with a parameter (n - 1, (n -2)/2, (n -4)/4), 
arrange columns to take the first three rows of D(H) in the form 
I...1 I...1 I,..1 1 . . . 1 
1 . ..I I...1 1 ... 1 1 . . . 1 
1 ... 1 I...1 I...1 1 . . . 1 
we can 
X Y Y Y z Z z Y 
where x+y=(n-4)/4, x+2y+z=(n-2)/2 and x+4y+3z=n-1. 
Thus 1 + a, + ... + a, _ I = 1 + x + 32 = n - 4y. This proves the lemma. 
THEOREM 1 ([S]). For any four rows i, j, k and m of H, we define aiikm 
as follows 
if hi,hj,hk,h,, = 1 
otherwise 
Then a,+,,(O) + . . ’ + abkm( n - 1) is divisible by 4. 
Proof. By multiplication of rth column by -1, aiik,(r) does not change. 
Therefore we may assume i= 1. In this case the theorem is trivial by 
Lemma 1. 
Let K,, be (auk,(O)+ . . . + aiikm(n - 1))/4 for any distinct four rows of 
H. By the proof of Lemma 1 it is trivial that multiplication of ith row by 
- 1 changes H,, with n/4 - K+,, . 
Next we define a new n by n - 1 matrix K(H) = (K,) associated with H. 
For fixed i and j, let KG and K; be the number of pairs of rows such that 
K,., = 1 and K,.. = n/4 - 1, respectively. Set KY = Ki + KS. By the above 
remark multiplication of ith row by -1 does not change KF. For i by a 
permutation of coordinates a vector (Ky)j= O,...,n ~ 1; jz i is changed with 
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(Kii)i=O,,.,,,P 1; j+ i such that KU s K,, if js j’. Furthermore we may assume 
that the rows of (K,) are ordered lexicographically. We shall say this 
matrix K(H) an associated matrix of H. 
By the construction of K(H) we have the following: 
THEOREM 2. Let H, and H, be Hadamard matrices of order n. Let 
K(H,) and K(H,) be associated matrices of H, and H,, respectively. Zf H, is 
equivalent to H,, then K(H,) = K(H,). 
THEOREM 3. Let H be an Hadamard matrix of order n. Let g be a non- 
trivial automorphism of H. Then g can be considered as a non-trivial per- 
mutation on the set of rows of K(H). 
3. EXAMPLES 
We give two examples H, and H, of Hadamard matrices of order 28 
with automorphism groups of order 2. By applying Theorem 3.5 in [6] and 
Theorems 2 and 3 we have that H,, Hr, H, and Hc are non-equivalent to 
each other and have automorphism groups of order 2. 
Set of blocks of D(H1) 
1 2 3 4 5 6 7 9 10 11 12 13 14 1 2 3 4 5 6 8 15 16 17 18 19 20 
1 2 3 4 5 7 8 21 22 23 24 25 26 1 2 3 9 10 11 15 16 17 21 22 23 27 
2 4 5 9 10 11 15 18 19 24 25 26 27 2 3 4 12 13 14 16 17 18 21 24 25 27 
1 4 S 9 12 13 16 18 20 22 23 26 27 4 6 7 8 9 11 13 15 16 18 21 23 25 
2 6 7 8 9 10 12 16 17 18 22 24 26 4 5 6 7 11 14 16 17 19 21 22 26 27 
1 5 6 7 10 12 15 16 20 21 24 25 27 2 3 6 7111218192022232527 
3 5 6 8 11 12 13 15 17 23 24 26 27 3 4 6 8 9 10 13 19 20 21 22 24 21 
1 2 6 B 10 13 14 16 19 23 25 26 27 3 5 6 9 10 14 17 18 20 21 23 25 26 
1 4 6 9 12 14 15 17 19 22 23 24 25 1 2 6 11 13 14 15 18 20 21 22 24 26 
2 5 7 8 9 13 14 15 17 20 22 25 27 1 4 7 8 10 11 14 17 18 20 23 24 27 
1 3 7 8 9 12 14 15 18 19 21 26 27 3 5 7 10 13 14 15 16 18 19 22 23 24 
2 4 7 10 12 13 15 17 19 20 21 23 26 1 3 7 9 11 13 16 17 19 20 24 25 26 
2 S 8 9 11 12 14 16 19 20 21 23 24 1 5 8 10 11 12 13 17 18 19 21 22 2s 
3 4 8 10 11 12 14 15 16 20 22 25 26 
00000 00000 00000 11111 11112 22’ 
K(H1) = 00000 00000 00000 11111 22222 33 
00000 00000 00001 1,111 11122 26 
00000 00000 00011 11111 11222 24 
00000 00000 00011 11111 12222 23 
00000 00000 00011 1 1 1 1 1 12222 23 
00000 00000 00011 11111 22222 22 
00000 00000 00011 11111 22223 36 
00000 00000 00011 11111 22344 44 
00000 00000 00011 11112 22222 z/1 
00000 00000 00011 11112 22222 33 
00000 00000 00111 11111 11122 24 
00000 00000 00111 11111 11122 36 
00000 00000 00111 11111 12222 37 
00000 00000 00111 11111 22222 36 
00000 00000 00111 11111 22233 34 
00000 00000 00111 11112 22222 23 
00000 00000 00111 11122 22223 33 
00000 00000 01111 11111 22222 23 
00000 00000 01111 11111 22223 34 
00000 00000 11111 11111 11222 33 
00000 00000 11111 11111 22222 34 
00000 00000 11111 11122 22223 34 
00000 00001 11111 1 1 1 1 1 12222 22 
00000 00001 1,111 11111 22222 33 
00000 0001111111 11112 22222 22 
00000 00011 11111 11112 22222 37 
\ooooo 00011 lli11 11122 22222 24, 
Set of bIocks of DtHE) 
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1 2 3 4 5 6 7 9 10 11 12 13 14 
1 2 3 4 5 7 8 21 22 23 24 25 26 
2 4 5 9 10 11 15 18 19 24 25 26 27 
1 4 5 9 12 13 16 18 20 22 23 26 27 
2 6 7 8 9 10 12 16 17 18 22 24 26 
1 5 6 7 9 12 15 17 20 21 24 25 27 
3 5 6 8 10 12 14 15 18 21 23 26 27 
1 2 6 8 9 13 14 17 19 23 25 26 27 
1 4 6 10 12 14 15 16 19 22 23 24 25 
2 5 7 8 10 13 14 IS 16 20 22 25 27 
1 3 7 8 11 12 13 15 16 19 24 26 27 
2 4 7 10 12 13 15 17 19 20 21 23 26 
2 5 B 9111214161920212324 
3 4 8 91112 14 15 17 20 22 25 26 
K(HE) = 
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K(HET) = 
/o u u 
uuo 
000 
000 
000 
000 
000 
000 
000 
000 
000 
000 
000 
000 
000 
000 
uuu 
000 
000 
000 
000 
000 
000 
000 
000 
000 
000 
\o 0 0 
00000 OOUll 11112 22333 36 
oouuo 00011 11122 22222 35 
00000 00011 11222 22223 36 
uuooo OUUll 11222 22233 
oouoo 00111 11122 22223 
00u00 0011: 22 35 1 
45 
27
00000 00111 11222 22222 36 
UOOO@ 00111 12222 22222 35 
00000 01111 11111 12223 35 
u0000 01111 11112 22222 22 
oouuu 01111 11112 22222 34 
00000 01111 11112 22223 33 
00 01111 1 1 1 12 22233 44 
00 01111 12222 22233 35 
00 01111 12222 22233 35 
00 11111 11222 22223 45 
00 11111 11222 22233 35 
01 11111 11111 11223 34 
01 11111 1 1 1 1 1 12222 34 
01 11111 1 1 1 1 1 12223 36 
01 11111 11112 22222 23 
01 11111 11112 22233 36 
01 11111 11122 22223 33 
01 11111 11122 33333 47 
01 11111 11222 22223 44 
1 1 11111 11111 12222 45 
1 1 1 1 1 1 1 11111 22223 46 
1 1 1 1 1 1 1 11111 22222 22 
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